Oceanic observations from w estern Europe and the south-w estern Indian ocean have provided evidence o f the generation o f internal solitary waves due to an internal tidal beam im pinging on the pycnocline from below -a process referred to as 'local generation' (as opposed to the m ore direct generation over topography). H ere we present the first direct num erical sim ulations o f such a generation process with a fully nonlinear non-hydrostatic m odel for an idealised configuration. We show that, depending on the param eters, different m odes can be excited and we provide examples o f internal solitary waves as first, second and third m odes, trap p ed in the pycnocline. A criterion for the selection o f a particu lar m ode is pu t forw ard, in term s o f phase speeds. In addition, an o th er sim pler geom etrical criterion is presented to explain the selection o f m odes in a m ore intuitive way. Finally, results are discussed and com pared with the configuration o f the Bay o f Biscay.
Introduction
In ternal solitary waves (ISW s) in the oceans and shelf seas started to be observed in the 1960s; this coincided w ith m athem atical developm ents on the K ortew eg-de Vries (KdV) equation and soliton theory. The K dV equation has since served as the prim ary theoretical tool for interpreting observations o f ISW s in the ocean (Ostrovsky & S tepanyants 1989) . M ore recently, im portant developm ents have occurred on two fronts. First, the advance in m easurem ent techniques such as m oored acoustic D oppler current profilers, o r airborne and satellite rem ote sensing, allowing not ju st detailed b u t also m ore synoptic observations to be m ade. Second, the advance in theoretical and num erical m odelling, allowing one to go beyond the weakly nonlinear KdV theory and to study ISW s o f large am plitude. These developm ents, however, have n o t altered the view o f the basic m echanism behind the generation o f the m ajority o f ISWs, which starts w ith (tidal) flow over topography generating internal waves, their subsequent evolution and steepening and finally splitting up into ISWs. In this view, pro p ag atio n is horizontal, as in unim odal internal o r interfacial waves. F or a review on the study o f ISWs, see Helfrich & Melville (2006) . the horizontal phase speed o f the incident plane wave (co/kx). Second, the theoretical short-w ave phase speed o f interfacial waves (the u p p er and lower layers being o f infinite extent) is given by (gAp/(2kxpo))1/2 and, ap a rt from a factor o f two, this expression features in (1.1). In Delisi & O rlanski (1975) , no reference was m ade to possible generation 89 o f ISW s along the interface; instead the em phasis was on the occurrence o f overturning.
Following the w ork o f N ew & Pingree in the 1990s, the theoretical m odel o f Delisi & O rlanski (1975) was considered again by T horpe (1998) . T horpe derived the dispersion relation o f interfacial waves for the case in which the hom ogeneous layer is finite. He investigated the influence o f weakly nonlinear effects u p o n the reflected internal gravity wave and showed th at a harm onic wave can be generated. He also discussed for w hat range o f param eter values, as encountered in the Bay o f Biscay, a generalised version o f (1.1) could be satisfied; he argued th a t these would form favourable conditions for the developm ent o f ISW s in the pycnocline due to an incident internal tidal wave beam.
This w ork was further extended by Akylas et al. (2007) , in the limit o f long waves (in the sense th at kxh <C 1, i.e. long w ith respect to the mixed layer thickness im plying th at non-hydrostatic effects are weak) and w hen an internal wave beam (instead o f a simple plane wave o f infinite horizontal extent) impinges on the pycnocline. Akylas et al. (2007) first addressed the linear developm ent o f the interfacial waves. Because the frequency o f these waves is the forcing frequency co, they radiate energy back into the stratified fluid. Long-living interfacial waves are therefore prohibited in the linear regime. The weakly nonlinear regime was then investigated, the near-field and farfield evolutions leading to distinct solutions. In the near-field evolution, no radiation occurs and the interfacial displacem ent is found to be m axim um w hen the wavelength o f the interfacial wave m atches the horizontal w idth o f the incom ing wave beam. The far-field evolution is described by an equation which involves weakly nonlinear, weakly non-hydrostatic and radiative effects. It adm its soliton-like solutions obtained numerically.
The result o f Akylas et al. (2007) confirm ed the general idea behind 'local generation' as p u t forw ard by G erkem a (2001), nam ely th at the initial phase is essentially linear and am ounts to a 'scattering' o f the beam as it encounters the pycnocline; nonlinear (and non-hydrostatic) effects become im portant in the second phase, w hen the p ertu rb atio n o f the pycnocline propagates away, steepens and m ay b reak up into ISWs. In some ways, the setting adopted by G erkem a (2001) was different from th a t o f Akylas et al. (2007) . In the form er, too, the stratification consists o f a mixed u p p er layer, an interfacial pycnocline and a constantly stratified lower layer, b u t the ocean depth was taken finite and the internal tidal beam (which im pinges on the pycnocline from below) was generated by including barotropic tidal flow over infinitesim al topography. The linear problem was solved analytically in term s o f vertical modes. All param eters were representative o f the oceanic configuration o f the Bay o f Biscay and were fixed, except for the density jum p across the interface, which was varied. It was then shown th a t the am plitude o f the interfacial displacem ent is controlled by the ratio o f the phase speed o f interfacial long waves in a two-layer fluid to the phase speed o f the first internal gravity wave m ode in the uniform ly stratified lower layer. It was concluded th at the density jum p across the pycnocline has to be m oderate for the displacem ent am plitude o f the interface to be m axim um . If the density ju m p is stronger (than m oderate), the beam is reflected at the interface. If the density ju m p is weaker, the beam is transm itted across the discontinuity as an evanescent wave whose decay length is m uch longer th a n the thickness o f the hom ogeneous layer. In the Bay o f Biscay indeed, typical horizontal w avelength o f the beam is 10 km and the thickness o f the u p p er m ixed layer is about 50 m. The beam is th en reflected at the free surface and alm ost fully transm itted back into the stratified layer. G erkem a (2001) also derived and solved num erically the equations for the weakly nonlinear and weakly non-hydrostatic regime. Only for a m oderate density ju m p was the nonlinear developm ent o f interfacial waves observed, evident from steepening and disintegration into ISWs. This w ork was extended by M augé & G erkem a (2008) to a m ore general setting in which the topography (here a continental slope) was allowed to be o f finite am plitude.
All these studies are lim ited as they address, at best, weakly nonlinear and weakly non-hydrostatic effects and treat the pycnocline as an interface, i.e. a layer o f infinitesim al thickness, w ith the exception o f M augé & G erkem a (2008), w ho used stratification profiles obtained from m easurem ents in the Bay o f Biscay. In the present paper, we present num erical results obtained w ith the M IT general circulation m odel (M IT -gcm ); we are thus able to relax all these constraints at once: we allow a finite thickness o f the pycnocline as well as fully nonlinear and non-hydrostatic effects. O u r aim is to investigate w hen ISW s can be obtained in this m ore general situation, w hat is the influence o f the finite thickness o f the pycnocline on the wave structure and w hether the criteria o f Delisi & O rlanski (1975 Delisi & O rlanski ( ), G erkem a (2001 and Akylas et al. (2007) for m axim um pycnocline displacem ent still hold. The num erical set-up we consider is idealised, being tw o-dim ensional, with simplified structures o f stratification and forcing. R o tatio n is absent and the values o f the param eters considered are inspired from laboratory experim ents perform ed on the same problem in Grenoble. This experim ental w ork will be reported in due time by their authors.
The num erical set-up is described in the next section. In § 3, we show th at a mode-1 ISW, which is the kind m ost com m only observed and docum ented, can be generated at the pycnocline by the im pinging beam . A criterion for the selection o f a particular m ode is p u t forw ard for this purpose, in term s o f phase speeds. This allows us to show in §4 th at initial and forcing conditions can be designed such th a t m ode-2 or mode-3 ISW s are obtained. In addition, we propose in §5 an o th er simple physical m odel to und erstand the selection o f m odes in the very near-field o f the internal wave beam im pact. The bandw idths o f the selection criteria thus derived are discussed in §6 along w ith the predictions o f these criteria for the configuration o f the Bay o f Biscay. We conclude in § 7.
Numerical set-up
We use the M IT-gcm code, a finite-volume, nonlinear, non-hydrostatic num erical m odel which solves the equations o f m otion under the Boussinesq approxim ation (M arshall et al. 1997) . N o subgrid m odelling option is activated in o u r case, implying th a t the num erical sim ulations are direct.
We define a tw o-dim ensional C artesian coordinate system ( 0 , x , z ) whose origin is at the top left-hand corner o f a rectangular dom ain, w ith z oriented vertically upw ards. The Coriolis frequency is set to zero (for a discussion o f effects o f rotation, see § 6.2). A n internal wave beam is im posed on the left boundary o f the dom ain and propagates in a uniform ly stratified fluid before im pinging on a pycnocline o f finite thickness. This configuration is described in detail below and sketched in figure 1 . Values o f all param eters defined in this section are displayed in tables 1 and 2.
The density profile we consider is continuous and consists o f a hom ogeneous u p p er layer, a uniform ly stratified lower layer and a pycnocline in between, nam ely a B ru n t-V äisälä frequency in the low er layer N0 T a b l e 1. S e t-u p p a ra m e te rs th a t a re c o m m o n to all e x p erim en ts. 3 A/2 F i g u r e 1. S k etch su m m a risin g th e m a in fe a tu re s o f th e n u m e ric a l set-up. B o u n d a ry co n d itio n s a re in d icated . T h e th ic k so lid lines a n d b o ld la b els re fe r to th e d en sity a n d B ru n t-V ä is ä lä profiles, as in d ic a te d . T h e h o riz o n ta l d a s h -d o tte d lines a n d a sso c ia te d la b e ls re fe r to th e v ertic a l settin g o f th e grid. T h e c o o rd in a te sy stem ( 0 , x , z) is sk etch ed in th e to p le ft-h a n d c o rn er. T h e d o tte d , slo p in g lines s ta rtin g a t th e le ft b o u n d a ry sk e tch in te rn a l w av e c h a ra c te ristic s o f th e beam . strong b u t continuous change in density. The associated profile o f the B runt-V äisälä frequency is defined by
where A p, Sp and hp are the relative change in density across the pycnocline, the thickness o f the pycnocline and the depth o f its centreline respectively, H is the total w ater d epth and N0 is the (constant) B runt-V äisälä frequency o f the lower layer. N ote th at the initial profile N 2(z) is no t continuous, the discontinuity being however sm oothed out by diffusion over a few forcing periods. N o noticeable m odification o f N 2(z) is to be seen over th at time however.
In o rd er to control the beam characteristics, we directly im pose the wave beam at the left b oundary o f the dom ain in the lower layer (hence we do not m odel the generation T a b l e 2. S et-u p p a ra m e te rs th a t v a ry fro m o n e e x p e rim e n t to a n o th e r. 3), the forcing is applied on the vertical scale 3 A /2, which should therefore be sm aller th a n the thickness o f the uniform ly stratified lower layer. This accounts for the to tal w ater depth H to be slightly larger for experim ent E l th a n for experim ents E2 and E3 (see table 2 ). The profile (2.2) is a simple m odel o f the far-field velocity profile o f the internal wave field em itted by an oscillating object, the corresponding exact theoretical expression has been derived by T hom as & Stevenson (1972) . Here, the object w ould be the bathym etry o f the continental shelf at the location o f critical slope (G ostiaux & D auxois 2007; Zhang, K ing & Swinney 2007) . As shown by S taquet et al. (2006) , a wave vector can be locally defined w ithin the wave beam , though a wave beam is n o t a simple plane wave. This accounts for the profile (2.2) to be considered as spatially m onochrom atic. The profile (2.2) was also designed such th a t its integrated flux at the left boundary is always zero. In o th er words, it ensures th at the free-surface m ean displacem ent is zero at each time, which greatly im proves the stability o f the sim ulations.
The effective horizontal and vertical w avelengths o f the wave beam , denoted l x and 7.: respectively, can be inferred from (2.2), by calculating the distance I betw een the m axim um and m inim um values o f \v\ at a given time and defining 7.: as 21 and /,, as 2 //ta n 0 . F rom the values o f A and Az, the steepness o f the waves defined by T horpe (1987) as the am plitude o f the vertical displacem ent o f the isopycnals m ultiplied by the vertical w avenum ber can be com puted. The values are displayed in table 2 and never exceed 1, im plying th a t the beam is statically stable in all three experim ents.
Three num erical experim ents denoted E l, E2 and E3 were carried out, each o f which, as we shall see, is designed so th at ISW s develop in the pycnocline with a different m odal structure along the vertical. The length and frequency scales in tables 1 and 2 were tak en from the laboratory experim ents. The choice o f the param eter A p for experim ent E l (displayed in table 2) was guided by the num erical sim ulations o f G erkem a (2001). The choice o f the other param eters for this experim ent is explained in §4, as well as those for experim ents E2 and E3. N ote th at the length scale A in (2.2) varies from one experim ent to the o ther (for com putational reasons), im plying th at the length o f the dom ain L varies as well to allow the pycnocline wave (evolving into a train o f ISW s) to propagate over long enough distances. In the following, a pycnocline wave refers to an interfacial wave propagating in a pycnocline o f finite thickness.
A t the right end o f the dom ain, a sponge layer o f length ls is im plem ented to absorb the beam and the ISWs. This sponge layer consists o f adding to the m om entum equations an additional term characterised by a relaxation time scale, which forces the m otions to evolve from their values at the boundary o f the sponge layer facing the in terior o f the dom ain (or inner boundary) to the value prescribed at the end o f the dom ain (zero in o u r case). In order to avoid reflections at the inner boundary back to the in terior o f the dom ain, the relaxation time is progressively decreased from To at the inner boundary to 77, /1000 at the boundary o f the dom ain. This is the sponge layer im plem ented by default in the M IT-gcm which corresponds to the Elerbaut form ulation as described in Z hang & M arotzke (1999) .
The value o f the viscosity v was set to 10~7 rrf s '. As we show below, this value ensures th a t mode-3 ISW s develop with significant am plitudes (for a realistic value o f v = 10~6 m 2 s-1, this m ode is hardly visible and for v < 10~8 m 2 s_1, spurious effects occur at the smallest scales because o f insufficient dam ping o f those scales).
We use a grid with a constant horizontal resolution dx and with a vertical resolution th at varies sm oothly from a coarse resolution d zm in the lower p art to a fine resolution dzm in the u p p er p a rt o f the dom ain, the m iddle o f the transition zone being set to z = -3 hp.
Observations on the local generation o f mode-1 ISWs

Preliminary considerations
In the works o f G erkem a (2001) and Akylas et al. (2007) m entioned in the Introduction, the phase speed o f the interfacial waves generated as the beam im pacts the pycnocline is characterised by the phase speed o f long waves p ropagating at a pycnocline betw een two hom ogeneous fluids, nam ely c* = sjg A php, using notations o f the previous section. In these works, the thickness o f the pycnocline is infinitesimal, i.e. an interface. A t the region o f beam im pact, w hen the regime is still linear, G erkem a (2001) showed from analytical solutions th a t the param eter, denoted y, controlling the displacem ent am plitude o f the interface is the ratio o f c* over the phase speed o f the first internal wave m ode th at propagates in the lower layer, N 0H / k. Thus, it was found th a t y = c*/NqH, ignoring a factor k in front o f c*. G erkem a (2001) found th a t values o f y around ~0.12 lead to the largest interfacial wave am plitudes for the oceanic configuration he considered.
In Akylas et al. (2007) , the displacem ent am plitude o f the interface was found to d epend u p o n a param eter, denoted a, com paring the horizontal w idth o f the beam w ith the horizontal w avelength o f the interfacial wave 2kc*/coq (since at the beam im pact, the interfacial wave has the same frequency as the wave beam). In the present case, Ax is a good approxim ation o f the beam horizontal width, so a can be expressed as a = NqAq/c*, introducing the transverse w avelength o f the beam 20 = K sin ot) and ignoring again a factor 2k in front o f c*. Akylas et al. (2007) showed from num erical solutions o f their soliton equation th at m axim um interfacial displacem ents occur w hen a~\ .
A th ird criterion was derived by Delisi & O rlanski (1975) for short waves, which is (1.1). This criterion is nearly identical to th at in term s o f a m entioned above, except th a t the expression o f the phase velocity o f short interfacial waves propagating betw een two hom ogeneous fluids, which is g A p/{2kx), is now used. This criterion will n o t be discussed further.
To sum These param eters have been designed in the context o f an infinitely thin pycnocline, hence supporting only mode-1 ISWs. As we will see in the following sections, only in E l do mode-1 ISW s develop, and therefore only for E l are a and y relevant. For purposes o f illustration however, the values o f a and y for all three experim ents are displayed in table 2.
Generation o f mode-1 internal solitary waves
R esults from experim ent E l are displayed in figure 2, through contours o f a few isopycnals around the pycnocline (figure 2a) and through the spatial distribution o f the horizontal velocity field over the whole w ater depth (figure 2b). This figure displays two striking features. Figure 2 (a) shows th at a pycnocline wave is generated as the internal wave beam , visible in figure 2(b) , hits the pycnocline. This wave degenerates into mode-1 ISWs. Figure 2(b) shows th a t the beam is strongly affected by the interaction w ith the pycnocline. A p art o f the beam is reflected dow nw ards at the base o f the pycnocline, while the rem aining p art is transm itted into the pycnocline. This tran sm itted p a rt is refracted because the local B runt-V äisälä frequency is stronger in the pycnocline; it reflects dow nw ards on the u p p er boundary o f the pycnocline and is p artly transm itted back into the lower layer, thus em erging further aw ay th an the p a rt th at reflected at the base o f the pycnocline (see x/Ax F i g u r e 2. G e n e ra tio n o f a m o d e-1 IS W by a n in te rn a l w ave b e a m in e x p e rim e n t E l. energy in the lower layer. G erkem a (2001) also concluded from his linear solutions th at 'the internal-beam energy gets spread all over the dom ain'. N ote also th a t the E ulerian m ean flow induced by the wave beam is weak, being at m ost 20 % o f the beam phase velocity at the im pact zone and decaying dow nstream , with an associated R ichardson nu m ber m uch larger th a n 1. This E ulerian drift will therefore no t be considered hereafter. The values o f a and y defined by (3.2) have been com puted for E l. We found a = 3.6. which is o f the order o f 1 as predicted by Akylas et al. (2007) . and y equal to 0.11. which is close to the value obtained by G erkem a (2001). This shows that, although the expressions o f a and y rely on approxim ations (the pycnocline wave velocity is approxim ated by its long-wave expression betw een hom ogeneous fluids, the non-hydrostatic approxim ation is used and the thickness o f the density ju m p is zero), these param eters are good indicators to predict w hether optim al conditions are m et for ISW generation.
The tem poral developm ent o f the nonlinear dynam ics o f the pycnocline wave is displayed in figure 3 via space-tim e and space-frequency diagram s. Figure 3 (a) displays the displacem ent o f the isopycnal located in the m iddle o f the pycnocline in a distance-tim e diagram . The horizontal axis is scaled by the horizontal effective w avelength o f the incom ing beam /.,. while the unit o f the vertical axis is the forcing period To. In figure 3(h) . the pow er spectral density o f this displacem ent is displayed in a distance-frequency diagram . The vertical axis is scaled by the forcing frequency oe0 for a clearer detection o f h an n o n ic frequencies o f co0 by nonlinear effects.
Figures 2 and 3 show th a t the pycnocline dynam ics can be decom posed into three stages, (i) As noted above, the beam im pinges on the pycnocline and part o f its energy is transm itted into the pycnocline. the rem aining p a rt being reflected (figure 2b). The transm itted beam excites a pycnocline wave and this generation process is essentially linear, as argued earlier by G erkem a (2001) and Akylas et al. figure 3(b) , indeed, the dom inant frequency for x/Ax < 1 is the forcing frequency, (ii) A pproxim ately one /., further, i.e. for 1 < x /z , < 2, this pycnocline wave propagates horizontally and steepens, a nonlinear effect. Such a steep front can be seen in figure 2(a), at location x/Ax = 1.5. The growing im portance o f nonlinearity is also evident from figure 3(b) , which shows th at higher harm onics o f coo are being developed during this stage. Since 2cw0~0 .8 r a d s > A':,, the now n onlinear pycnocline wave rem ains trap p ed in the pycnocline and grows in am plitude due to the continuous internal wave beam forcing, (iii) Finally, fu rth er aw ay (for x /2,T > 2), the large am plitude pycnocline wave disintegrates into trains o f three shorter, am plitude-ordered and solitary-like deform ations. This is indicated by arrows in figure 2(a) . The largest defonnations propagate faster th a n the smallest ones, hence the am plitude ordering. This can be seen in the p a tte m in figure 3(a) , for example for 2 < x/Ax < 4, where the different propagation speeds m anifest themselves in different slopes o f the lines following the deform ations.
These ISW s eventually decay, possibly because o f viscosity, although radiation o f internal waves in the lower stratified layer m ight play a role. The latter phenom enon is actually visible in figure 2(b) , where a low -am plitude signature o f radiated waves outside the m ain envelope o f the beam can be detected close to the pycnocline. To rule out the possibility o f a viscous decay, let us introduce the e-folding viscous decay length scale o f the am plitude, denoted £. Assum ing th a t the ISW m ay be m odelled as an internal gravity wave o f frequency do > N0 and horizontal w avenum ber k p ropagating in the pycnocline o f the B runt-V äisälä frequency N, £ is given by The ratio co/k is the horizontal phase velocity o f the wave and, as we shall see in the next section, is well approxim ated by the horizontal phase velocity o f the beam a>o/kx. The tim e 2k/ c o is the typical^ tem poral w idth o f the ISW and, from figure 3(a), can be estim ated as To/3. Using N = 4 ra d s -1 as a typical m easure o f the B ru n t-V äisälä frequency in the pycnocline, we get £ = 28 m « 52AX, which is m uch larger th a n the length o f the dom ain L = 6 m « 1 1 2 x. Hence, viscosity can be ignored in this experim ent.
H ow to control the m ode number: a 'far-field' approach
4.1.
Heuristic considerations: the modal decomposition
In the present case o f a pycnocline o f finite thickness, the m odal decom position provides a simple m ethod to study the structure and characteristics o f the full internal gravity wave field th at develops over the to tal w ater depth. We shall show in this section th at this m ethod also provides a useful heuristical tool to design a num erical experim ent so th at mode-1 ISW s develop. F or the sake o f simplicity, we will m ake a rigid-lid approxim ation. Indeed, in all o u r experim ents, the free-surface displacem ent never exceeds 0.2 mm, which is two orders o f m agnitude sm aller th a n the thickness o f the u p p er hom ogeneous layer hp.
We with K > 0 as we are only interested in rightw ard-propagating waves, it can be shown th at W and K satisfy the eigenvalue problem :
The system o f (4.2a) and (4.2ft) form s a S turm -L iouville problem and has an infinite sequence o f m odes, o f eigenfunctions W" associated with eigenvalues Kn in being the m ode num ber). The general solution for w lim ited to rightw ard-propagating com ponents can therefore be w ritten as î2/wq F i g u r e 4. P h a se sp e e d s o f th e first th re e m o d e s ci, C2 a n d c 3 fo r e x p e rim e n t E l c o m p u te d fro m ( 4 .2 a ) a n d ( 4 .2 b) as a fu n c tio n o f Í2 a n d fo r N(z) g iven by (2 .1 ). T h e p h a se sp e ed s a n d Í2 a re scaled by th e p h a se sp eed i^ a n d fre q u e n c y ®o o f th e w ave b e am , respectively. T h e v e rtical d a sh e d line m a rk s th e lo c a tio n w h ere Í2 = Nq. et al. (2007) , the m axim um interfacial displacem ent is obtained w hen the horizontal w idth o f the beam (which is well approxim ated by 2 V in o u r case) m atches the horizontal w avelength o f the interfacial wave. Since this wave is forced at the beam frequency, its horizontal phase speed therefore m atches the horizontal phase speed o f the beam. As we now show, when the pycnocline is o f finite thickness and weakly nonlinear effects have developed, the mode-1 pycnocline wave also has the same horizontal phase speed as the incom ing beam.
In the work o f Akylas
To apply the m odal decom position to experim ent E l, we assum e th a t an ISW m ay be m odelled as a superposition o f linear internal gravity waves which are trapped w ithin the pycnocline, i.e. o f frequency com prised betw een N0 and max(7V(z)). We solve (4.2a) and (4.2b) with Q varying and display the phase speeds o f the first three m odes ci, c2 and c3 versus Q in figure 4. The figure shows th at the phase speed decreases as Q increases, w ith a sharp transition w hen Q = No (i.e. for T?/c«o = \/2 ): the decrease rate o f the phase speeds drops, corresponding to the m odes being trapped in the pycnocline. F or Q A A':,, all three phase speeds evolve quasi-linearly, w ith Q. ci and c2 being nearly constant and distinct from c\. The velocity r is very close to the horizontal phase velocity o f the wave beam as Q increases. Hence, to select a mode-1 ISW, the internal wave beam should be designed such th a t its horizontal phase speed is close to c\ (com puted from m odal decom position for Q e]Ao, m ax(A (s))[, N(z) being given). This is how experim ent E l was designed, adjusting also the wave beam am plitude so th a t a strong d efo n n atio n is induced in the pycnocline while ensuring th at the beam rem ains stable.
We will now m ake the conjecture th a t in order to excite mode-« ISWs, the horizontal phase speed o f the internal wave beam should be w ithin the range o f values o f the phase speeds o f the mode-« internal waves w hen trap p ed in the pycnocline (i.e. with frequency Q e ]A 0, max(7V(z))|). This conjecture will be verified next.
Application to the generation o f mode-2 and mode-3 internal solitary waves
We now focus on experim ents E2 and E3. In figures 5(a) and 5(h), the phase speeds o f the first three m odes are plotted versus Q for experim ents E2 and E3, respectively. These phase speeds display the same behaviour as for experim ent E l, c2 and c3 reaching a nearly constant value as soon as Q exceeds N0. We find th at for Q > jV0, v< p (^ 1.57 cm s ') in experim ent E2 is closer to c2 (A 1 .5 cm s as fa r as we com puted x!Xr x!Xr F i g u r e 6. G e n e ra tio n o f IS W s by a n in te rn a l w ave b e a m in ex p e rim e n ts E 2 a n d E3. T h is figure is sim ilar to figure 2 fo r e x p e rim e n t E l. In it) in this case. W hen the m odal decom position is applied to E3, the value o f c3 for T2 > N0 ( » l c m s -1 ) here is the closest to v# («0.905 cm s-1 )-Like E l w ith cx, experim ents E2 and E3 were actually designed from the com putation o f c2 and c3 respectively, such th a t the horizontal phase speed o f the wave beam m atches c2 in E2 and c3 in E3. V isualisations o f the fields sim ilar to figure 2 are displayed in figure 6 for each experim ent. Figure 6 shows th at ISW s develop again from the im pact o f the wave beam on the pycnocline ( figure 6b, d ). fiow ever, the vertical structure o f the pycnocline wave is now a m ode 2 for E2 (figure 6a) and a m ode 3 in E3 (figure 6c), the num ber o f visible deform ations p er train being three in the form er case and two in the latter. The am plitude o f the mode-3 ISW s is actually ra th e r weak and, as we will see next, very sensitive to viscous effects. We verified th at the three stages o f the process going from a linear to a weakly nonlinear internal wave trap p e d in the pycnocline, described in § 3.2, also occur in these two experiments.
In order to validate a posteriori the value o f v we chose, we recall (3.2). F or E2, using 2 k / c o = To/ 8 and N = 5.5 rad s_1, we obtain £ = 1 m « 4.32v, which is now sm aller th a n the length o f the dom ain (L = 3 m « 13/., ). F or experim ent E3, using 2k/m = I f 6 and 
H ow to control the m ode number: a 'near-field' approach
The approach developed above addresses the 'far-field' evolution o f the dynam ics w ithin the pycnocline, when nonlinear waves have developed. The approach we consider now m ay be referred to as the 'near-field' evolution, in the sense th at we analyse the d efo n n atio n o f the pycnocline at the beam im pact.
The simple m odel we shall derive is m otivated by a careful inspection o f the im pact zone o f the internal wave beam in experim ents E2 and E3, which is m agnified in figure 7 . The beam is refracted as it gets into the pycnocline, since its frequency and horizontal w avelength rem ain unchanged (the dynam ics being linear and the changes o f the m edium occurring along s only) whereas the local B runt-V äisälä frequency increases. We shall see th at conditions for optim al forcing o f the pycnocline wave by the beam can be derived, which also set the vertical structure (i.e. m ode num ber) o f the pycnocline wave.
The m odel is based on three approxim ations: (i) we focus on the initial phase o f wave generation in the pycnocline, so th a t the dynam ics m ay be assum ed linear; (ii) we also consider a simple plane wave instead o f a wave beam ; (iii) we assume th a t the profile o f the B runt-V äisälä frequency is a piecewise continuous function consisting o f three parts, nam ely
< z < -h p + -
for -hp + y < z < 0,
where N , is the B runt-V äisälä frequency w ithin the pycnocline. The value o f N , has been chosen in order to preserve the phase shift betw een the induced displacem ents 4
We show th at a Bragg-like resonance condition based on simple geom etric argum ents can be obtained for the selection o f the mode. A t depth s = -hp -8P/ 2, u p o n entering the pycnocline, the angle o f propagation o f the energy o f the plane wave is changed from 00 to 0 , = arcsinlV-u/A',) < 0O, due to refraction. Leaving aside the mode-1 case, which does no t seem to be tractable with the present approach, we now distinguish the two cases we investigate, starting w ith the forcing o f a m ode-2 pycnocline wave.
Two isophases o f the incident plane wave are plotted in figure 8(a) as well as two isopycnals at the top and bottom o f the pycnocline. If the horizontal w avelength o f the plane wave /., is such th at Ax/ 2 = Ax, the induced displacem ents o f the top and b o tto m o f the pycnocline are opposite in phase (phase shift o f 7i), m aking the vertical structure o f the refracted wave in the pycnocline sim ilar to th at o f a m ode-2 internal wave. Figure 8 (a) only displays wave characteristics until one reaches the top o f the pycnocline b u t the wave characteristics can be draw n fu rth er along the pycnocline w ithout altering the p a tte m o f a m ode-2 internal wave. The subsequent steps are
5.24 5.68 fin 0.94 LOO T a b l e 3. V erificatio n o f re la tio n (5.6) fo r e x p e rim e n ts E 2 a n d E3. H e re n is th e m o d e n u m b e r o f th e p y cn o clin e w ave, N¡ (d efin ed b y (5.3)) is th e lo c a l B ru n t-V ä is ä lä fre q u e n c y in th e p y cn o clin e a n d th e p a ra m e te r /j,n is th e le ft-h a n d side o f re la tio n (5.6). 
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The two conditions described here can be gathered into a single one and extended to any m ode n ^ 2 by noting th a t the displacem ents o f the to p and b o tto m o f the pycnocline should have a phase shift o f (n -\)k for the vertical structure o f the wave to resemble a mode-// internal wave trap p ed in the pycnocline. C onditions (5.4) and (5.5) can thus be generalised to any m ode num ber n ( « > 2) as
The validity o f relation (5.6) for the two experim ents E2 and E3 is checked by com puting the left-hand side o f this relation, which we denote by ¡in. The values o f (i2 and // 3 are displayed in table 3: / / 2 departs from the value o f 1 by 6 % and // 3 by less th a n 1 % , attesting th at relation (5.6) is well satisfied for these two experim ents. This relation explains why a beam with a short w avelength generates high-m ode pycnocline waves or, equivalently, why such high-m ode waves are favoured by a strongly stratified pycnocline.
R elation (5.6) has no t been checked num erically for higher m odes as the conditions to generate a displacem ent th at is large enough for nonlinear effects occurring later are then m uch m ore difficult to achieve and w ould be associated w ith a costly increase in resolution. N ote th at this approach does no t apply to mode-1 pycnocline waves. It relies indeed on the phase shift betw een the displacem ents along the top and bottom o f the pycnocline, while a mode-1 wave induces vertical displacem ents th at are all in phase along the vertical. A n indication however th a t mode-1 ISW s can be generated is w hen the value o f ¡x2 is noticeably higher th a n one, since // 2 = 1 w hen m ode-2 ISW s are generated.
It is n o t clear to us how to relate this 'near-field' approach to the 'far-field' approach derived in the previous section. It is useful however to bring together the conclusions o f the two approaches. W riting o,p = cn on the one hand, and relation (5.6) on the o th er hand, allows one to derive an approxim ate analytical expression for c", nam ely
This is obtained by expressing (5.6) in term s o f (=m01x/2k), w riting the dispersion relation as cw0 = /V, sin 0 , and therefore /V, eos 0 , = \ / N f -of. As /V, > cw0 for the three experim ents, (5.7) can be simplified to cn = S pNi/ (K(n -1) ). N um erical estim ate o f c" given by (5.7) for the param eters o f table 2 yields r 2 « 1.66 cm s for E2 and c 3 « 0 .9 0 1 c m s 4 for E3, which is in good agreem ent w ith the values given in §4.2.
Discussion
Bandwidths o f the selection conditions
This p ap er aims at determ ining optim al conditions to generate mode-// ISWs. However, the bandw idths o f these conditions have n o t been discussed. In other words, w hen for a given situation, ¡in < 1 < /xn+1 a n d /o r c"< v< p < cn+1 in the trapped regime, it is yet to be determ ined w hether ISW s develop at all and, if they do, which o f the two n or n + 1 m odes w ould preferentially develop and w hat would be th eir am plitudes. From a qualitative point o f view, the answ er m ust depend on several param eters, such as the ratio |cn -v,p\/\v,p -cn+1\ in the trap p ed regime or any quantity com paring the distances betw een o,P and the different phase speeds in th at regime. F rom a quantitative point o f view, the com putation o f the am plitude o f the trap p ed m odes w ould provide a precise answ er bu t would be quite involved as the nonlinear n ature o f these waves implies th at the m otion cannot be easily projected on an orthogonal basis o f linear wave m odes at a given frequency. The projection o f the m o tio n on an orthogonal basis o f nonlinear m odes w ould require to know which m odel (such as a high-order KdV m odel) describes it accurately, which has no t been done for the present paper.
To get some indication o f the bandw idths o f the selection conditions (i.e. o f the near-field and far-field conditions), we ra th e r perform ed an o th er num erical experim ent (not shown). This experim ent involves a beam , for which v,p is the same as in E l b u t the stratification profile is the same as in E2. F rom the near-field condition (5.4), one finds /¿2 = 2.17 > 1, which implies th a t mode-1 ISW s can be generated (as the near-field condition does no t apply to mode-1 ISWs, it is no t possible to be m ore specific). R egarding the far-field condition, figure 5(a) for E2 shows th at o,P is halfw ay betw een cp and c 2 in the trap p ed regime (since v$ for E l is 2.3 times larger th a n for E2). Therefore, we are in an interm ediate regime.
O bservation o f the pycnocline m otion in this experim ent shows a dom inant mode-1 p attern for the ISWs, with an am plitude o f the induced isopycnal displacem ent o f ab o u t 3 mm. Superposed on this isopycnal displacem ent is a secondary pattern, typical o f m ode-2 ISWs. M ode-2 isopycnal displacem ents (m easured with respect to the displacem ents, already induced by the mode-1 ISW s) are less th a n 1 mm. O n the basis o f this crude estim ate, we infer th at the two bandw idths for the far-field selection conditions overlap bu t the bandw idth for the selection o f mode-1 ISW s seems to be larger th a n th a t for m ode-2 ISWs.
Two conjectures can be proposed based on this exam ple: first, th at w hen in an interm ediate case, ISW s can be generated and the bandw idths o f the selection conditions for each m ode num ber can overlap; second, th a t the lower the m ode o f the ISW s is, the bro ad er the bandw idth o f its selection condition m ight be. These conjectures b o th seemed to be verified in a few o th er num erical tests th at helped us to derive o ur selection conditions.
Applicability o f the selection conditions to an oceanic setting
This p ap e r addresses fundam ental aspects o f the generation o f ISW s by an internal wave beam . However, let us recall th at this problem was m otivated by oceanic observations. In this section, we apply the selection conditions to the m ore realistic context o f the Bay o f Biscay and investigate w hether these conditions can correctly predict the observations. (As found by N ew & Pingree 1990 N ew & Pingree , 1992 . local generation in the Bay o f Biscay is associated w ith mode-1 ISWs.) We will also show th at rotation can be easily introduced in the far-field and near-field approaches.
The reference stratification profile we consider is a typical profile observed in the Bay o f Biscay in m id-to-late sum m er, w hen the seasonal pycnocline is best developed and w hen local generation is observed. This reference profile (displayed in figure 9 ) is characterised by a strong seasonal pycnocline whose m axim al value is 1.6 x IO-2 r a d s -1 at 58m depth. N ote the presence o f a perm anent pycnocline corresponding to increased values o f N betw een roughly 400 m and 2000 m depth. This profile has been deduced from data described in N ew (1988) and Pingree & New (1991) . The d om inant forcing frequency in the Bay o f Biscay is the sem idiurnal tide o f frequency coBB = 1.41 x IO-4 r a d s -1, corresponding to a period o f 12.42 h.
Let us see how the far-field condition applies to the configurations just described. In o rd er to com pute the phase speeds o f the different internal wave modes, we introduce ro tatio n in (4.2a).
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where / 45o = 10 4 ra d s 1 is the Coriolis p aram eter at a latitude o f 45°. The rest o f the procedure is as in §4. Before going into the details o f the different regimes, let us set as a convention th a t a mode-« wave o f frequency L2 will be trap p ed in a given layer if (i) (N 2-£22)/(£22-f f 0) is positive th ro u g hout the layer and negative in the layers located im m ediately above and below it and (ii) if W"(z) (as defined in (4.2a)) has its absolute m axim um value in this layer. This trap p ed regime is shown in grey in figure 10 . N ote th a t for such high frequencies, ro tatio n could be neglected in (6.1) bu t has an im portant role in setting the angle o f the beam and therefore its horizontal wavelength. The typical phase speeds for the mode-1 and m ode-2 trap p e d internal waves are approxim ately 0.7 and 0 .2 m s -1, respectively. In order to m atch these phase speeds, an internal tidal beam o f frequency coBB should have a dom inant horizontal wavelength o f 31 and 9 km, respectively. O bservations being scarce, the dom inant horizontal w avelength o f the beam in the Bay o f Biscay ju st under the point o f im pact has to be estim ated from previous num erical sim ulations. F or example, figure 7 o f G erkem a, Lam & M aas (2004) shows a beam , whose horizontal w avelength is about 15 km (as com puted from the horizontal dependency o f the phase at a given vertical location). R egarding the far-field condition, v# is closer to c2 th a n to r in the trap p ed regime, the situation being generally interm ediate. The discussion at the end o f §6.1 shows th at it is then possible th a t mode-1 ISW s are generated, coexisting with m ode-2 ISWs, which are m uch h ard er to detect in the ocean.
We now move on to the near-field condition. M ode-1 ISW s are observed in the Bay o f Biscay and the near-field condition only applies for m odes strictly higher th a n 1. As stated earlier in § 5, pt2 should be noticeably higher th a n unity for mode-1 ISWs to be possibly generated. Let us examine w hether this condition can be satisfied in the case o f the Bay o f Biscay. Assum ing th a t the seasonal pycnocline is defined by N(z) > 3.5 x IO-3 r a d s -1, it is located betw een ^ = -158m and z2 = -18m , m eaning th at the thickness o f the pycnocline is b p = 140 m. As we are considering linear dynam ics, the only frequency we are considering is coBB and the slope o f the internal wave characteristics is then \/{co\B -fff/iN2 -arBB). Therefore, using the same n o tatio n as in §5, Ax now has to verify the following condition:
We find Ni = 8.4 x IO-3 ra d s -1 . Once ro tatio n is also included in the definition o f Bí, the procedure is the same as in §5. In order to satisfy ¡a2 = \, the wave beam should have a dom inant horizontal w avelength o f 24 km, which is higher th a n the do m in an t horizontal w avelength o f the beam in the Bay o f Biscay as estim ated earlier. M oreover, in order to satisfy / ¿ 3 = 1, the wave beam should have a horizontal wavelength o f 12 km. The near-field condition therefore predicts here th a t we are in an interm ediate case betw een the generation o f m ode-2 and mode-3 ISWs. These considerations lead us to the conclusion th at this simple m odel is quantitatively less suitable th a n the far-field approach w hen it comes to realistic conditions, one possible reason being the large uncertainties on the param eters th at enter the model. In com parison, the argum ents on which the far-field approach is based are m uch m ore robust: for a given m ode num ber n, trap p ed pycnocline waves with different frequencies propagate with phase speeds th at are close to each other, which is therefore the approxim ate propagation speed o f any mode-// ISW trap p ed in the pycnocline. A beam (or any o th er disturbance) should therefore have a horizontal phase speed th a t is close to this value to efficiently force mode-// ISW s (provided th at the forcing is strong enough for nonlinear effects to develop w ithin its direct range).
Conclusion
We addressed the local generation o f ISWs, w hen an internal wave beam impinges on a pycnocline. N onlinear, non-hydrostatic num erical experim ents were conducted for this purpose, the vertical density profile being continuous and m ade o f a lower layer w ith constant value N 0 o f the B runt-V äisälä frequency, a pycnocline o f finite thickness and a th in hom ogeneous u p p er layer. This w ork com plem ents previous theoretical (G erkem a 2001 ; Akylas et al. 2007 ) and experim ental (Delisi & O rlanski 1975) studies in which the thickness o f the pycnocline was vanishingly small (i.e. an interface).
We showed th at ISW s can be generated and th at the finite thickness o f the pycnocline, whose role is fundam ental, allows different vertical m odes to be excited, depending on the param eters. We ran num erical experim ents showing th at modes-1, -2 o r -3 internal solitary waves can develop. We next proposed two different approaches to predict the conditions o f occurrence o f mode-// internal solitary waves.
In the 'far-field' approach, th at is, w hen harm onics o f the forcing frequency have appeared, we showed th at the observed mode-// weakly nonlinear pycnocline waves have the same horizontal phase speed as the incident wave beam . We dem onstrated this result heuristically by using a m odal decom position based u p o n the actual density profile and a frequency o f value higher th a n N 0. This result allowed us to design num erical experim ents so th at a m ode-1, -2 or -3 pycnocline wave develops, the density ju m p across the pycnocline increasing with the m ode num ber (or equivalently, the horizontal w avelength o f the wave beam decreasing w ith the m ode num ber).
One m ight w onder why the phase speed o f a beam should be m atched w ith the phase speed o f trap p ed waves, which are physically some distance aw ay from the beam . We observed in § 3.2 th at the evolution tow ards ISW s actually takes one o r two wavelengths only, a m uch shorter distance th a n for weakly nonlinear waves described e.g. by a KdV m odel. This is very likely due to the large am plitude o f the forcing, which allows the developm ent o f nonlinear structures in its vicinity th at propagate with the same speed as the forcing phase speed.
The 'near-field' approach consists o f deriving simple geom etrical conditions ensuring th at a mode-// wave develops at the beam im pact (the m odel holds for n ;>-2 only). In this approach, the dynam ics is linear, a simple plane wave is considered in place o f a wave beam and a piecewise three-layer stratification is assumed. We showed th at a mode-// wave is forced if a simple relation is satisfied which involves the thickness o f the pycnocline, the angle o f the refracted internal wave in the pycnocline and the horizontal w avelength o f this wave. In spite o f its simplicity, this m odel gave a good quantitative agreem ent w ith our num erical d a ta for 2. It explains why a beam w ith a short w avelength generates high-m ode waves or, equivalently, why such high-m ode waves are favoured by a strongly stratified pycnocline. W hen related to the far-field approach, this m odel provides a simple analytical expression for the phase speed o f a m ode-n ISW.
We discussed the m ore general situation in which the wave beam has an interm ediate phase speed betw een those o f m odes n and n + 1. We conjectured from an example th at b o th m odes could be selected in this case and th a t the lower the m ode num ber is, the larger is its bandw idth. The com putation o f the am plitude o f those m odes is necessary to answ er precisely this problem . This requires solving the nonlinear non-hydrostatic Boussinesq equations forced by the wave beam , a ra th e r involved task.
The predictions o f the two selection conditions derived in this p ap er were eventually exam ined in the m ore realistic context o f the Bay o f Biscay, in which mode-1 ISWs are observed. The far-field approach predicts a situation th at is interm ediate betw een the selection o f mode-1 and m ode-2 ISW s and an agreem ent w ith the observations is therefore possible (for m ore details, see G risouard & Staquet 2010) . In contrast, the near-field ap proach does no t seem to be quantitatively reliable when applied to this realistic configuration, as it predicts a situation th at is interm ediate betw een the selection o f m ode-2 and mode-3 ISWs. However, the application o f the latter selection rule requires several simplifications, which leads to strong uncertainties in the param eters th a t enter the model. Independent o f the validity o f these selection rules, it rem ains to investigate w hether the m echanism leading to the generation o f ISW s rem ains valid in a real ocean. The beam s m ay have a three-dim ensional structure and the generation process as a whole m ight be sensitive to perturbations from o ther structures such as eddies or o th er internal waves. The latter is the subject o f a study by G risouard & Staquet (2010) .
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